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Calculating Transformities with an EigeR\'cctor Method

De,mis CO//ins and Howanl T. Od",,,

ABSTRACT

Eil!~n'",I""-s-.ejl:"nwa,,,",wuo< ",cd 10 ca/cu!tJtc Ira",jarmltlcs jrom 'cl< ajCm<'rg)' "'luatian.s
I"('p,..,.""ting ""Crg)' "a...j",.,""ti".... Tr"rujo'mlly - em"'KY, .pel/cd with 1m "'m, .. di"idcd by available
""elID'. Tltj,< proced"" CJ(Icnds thc caleulali'mojenerg)' qualitymeos"", intmduudby M""OY I'alle,.on
In /983. Th~ method u.es e""rg)' sy"e"" dio!t'"am,< '" "'¥o,,,,I:e Jalll on .hej1"", oj"""j!alJle C""'XY
throogh t1'ansfimnalio" proccucs. F", each IronsjOrmati"" proc...... an e'l"",ti"" is ",ritten "'ilh inpul
C"""Xl' c'luollo '/wI of"" wtpu'. Afte, lhe> dUla are e()lttbined",iIh a ma'riJ< eqUal;on. mll"jarmitics are
eoleulaled by mlnlmiz;ng eigenvalue>. A program is proVided jar Ihe eamme'e;al ."ftware
MATllEMAI/CA.~·ltiel<salV€.!.IIe.;mullal.e<JUsemcrg).equal;..... andpr;...S(mta.OffI.....jlron.r!<Jt.mi.i....
C()mpariw... arc -.Ie ix'"",,.n lite lronsjant,ities delermined In this ~"Y ~'/l1< Ih"lepredo"slycsrin,atcd
"'i,1< ",hc, mcrl<ods, E:m"",le. i"",lude simple e""figumllo.... 'he """,,.,,em in Sil,-e, Spring•• Fw,/Ja,
and Ihe es!Uat)' in Lou/sia{}{/ used by Tennenbaum (1988).

INTRODUCTION

Em<:ri)'. spelle<! with an ~m" is tbe .vailable enervY (exerv.Y) ofone kind l'C<luired to g.nenle
tbe anilable energy (exergy)"fCllltcr kinds. CalcUlating cmcraY has theoretical and practi.al i"'portance
tn energy analysis.nd pubtic p<:>tieie. based on enhtating work "fna'ur. and the economy 00 a common
basis. This""per provides a c",wenient method f.... cale ulat ingtrans fonn i~C5 (the o-mcrgy per u"i, avai Iable
.nergy) from .nergy <!ala of the environm.nt and ecooomy.

BACKGROUND

Energy ,y.t,,,,,, ""tw<>d,ean be used tn "'I""sent the ..sence"f retll .y$lcm.<. incluti ing .omplex
energy n"",. and tnnsfom"''''''' processes The ,y.te"'s are ollcn made quannra'iv. b}' estimating values
of""ergy nows in'" and <JUt of.ach tro"sf<>rmation. Numerical values can be wrincn on lhe pathwaysof
sy,"ems maanm" Figure. 1-6 give exampl.s "f s""h .ncr&}' sy= networks", wltich the symbols
cany additional mathematic and .n.rgetic "'"""'''I: (Odum. 1971. 1983. 1996) Th. diagra"" "'present
the enCfl!Y ''''n,formati'''' Iti"",,,,hy Cl>TlCcpt b}' tbe p<»ition "fne"'" and n"",., Flaw "favailable energy
de-crease:s .. tile quality "f.nergy inc"'..... with .ucc... ive energy Inn.formation proccs.., from l.ft '0
right. Each joule ;s capable ofdoing~ "'hcn itllerocbng w,th OIher energy fln"'s, The energy n"ws
can also be ",presenle<! in rabula. "..ys ..........ble to mallix "",dJ,e""'ries.

ThtS cone.1ll of "",bodoed energy "''''' developed in the 1960', and giv.n the no,rIC crrICt"gy in
1983 (Odum. 1986: Sdenceman. 19117) «>Ihat ilem, of all ""'d' (environment. fuel•• chemicals.
infonrutriooJ e"uld be pu' on "'0"''''00 ba'i' hy .xpressing energy nows in unit, "rone kind ofavailabl.
ene-rgy previonlly use<!."d .xpressed as <mjoul.s. The Cntergy r.... on. unil of available cnelID" was
dcf",oo as Ibe ua",fi:><miIY. Tn"'sfonni'ic, measure 'he positi..... of each kind of energy in the natural
energy hi ....rchy in which different kinds ar. 00 d,ffe,.nt "'al. in the universal ..,.-ies of enelgy
uansfor"'ations_ ""ailable en<::rgy (."ergy) of d,tlCren' kinds should no< be addc<I tn imply "m until
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Chap'eF 11. C"le"lming Tr"nsjormi'ies wi'" "" Eigem'octor Me'''od

Energy Flows al Steady stale

;'""- J, • 100 Energy J2_30
Energy Tra,-,,!orrmtion

Joules perTime 7~tusooEnergy

Emergy iSlhe avaiable en&rgyof one kind used up logene<at& a flow
Emjoul& is th& un~ 01 em&rgy
TransfClfTl"ljty. &mergy per unl energy w~h un~s, Ilmjou"'sfpu'"

In fhis e~afT1)le

Em&rgy flow of both inpvl and OuIpJlS" , 00 coal emjoll!es/bne

xl .. , by definition (the coal translormity of ooal)

><2 • Coal transformity of eleclricily • (100 coal emjoulesltimey(30 electrical joulasttime)
.. 3.33 coal emjoulM'jolie ele¢lr.clty

Balanceof emergyflowsat steady stale. l00coal &mjOUles perlime

x"J,.,oo.1 'M'W I ><2'J2.'00
Tr....,sIco"m~ . ..

Emergy Flow Equation; xf'J1 • ><2·J2

xl'J' ·.:?;'J2 .. 0

mulliplied by transformities to represenl each in emcrgy unilS of onc ~ind (Odum. 1996). MOSI
transformalion pr<>aue;; I"we mort lh3n on" ~ind of en.rgy input. which call be PUI on. com,ron basi,
lI$ Ihe ."'.'gy of one kind

Whe system has be•••ggrcgated w that outpUIS are fed back a, IlC",ssary inlerocti""s, .nd
for a proce 'leady ,tale wilh storage' consl:uU, the emergy inputs 10 rl>e transfoml.tion process m.y
be c<>nse.....·ed in the outpUI products. An emcrgy balance equation can be wriuen for inpulS and outputs
wilh emcrgy out eqU"110 lh••U1n oflhe .me,gy flows in (Figure I). Emcrgy ohny !low i..hc producl of
lhe encTgy times !he tmrI$/imnily ... laling Ihe emttgy for <>n. kind 10 lMI type of .nergy. Transfonnity
wa' given vari""" names during the develorltt<11t period and ren.med lransformity in 1983 (Odum. 1976.
1986, 1987). After 1983, to avoid fraetions, solaremergy wa, u..d, e~p.....ing lrans/imn;ti"" in lerms of
lhe !iOlar energy, Ih. energy type with th. largest !lo...... bUllowesl eon«n[rat;on. In a summary book. 'en
way' of estimating transfomTi'ies w.... given with e~.m"les (Odum 19%).

In 1983 and lal"' pap"", Murray Panerson (1983, 1984, 1993, 1998) expressed ene<IlY
transfonnalion .quations of"Ysrems nel\"orks in • rna",x in which e.dI row is 3 lmJIsforma'i"" 1"""."
equation and .ach energy flow is plaeed in a eolumn a<rording 10 Ih. Imnsfom,ilY. Figure 2 i< a two
proc....xample in which x's are lransfon"i,i••. Then he used linear algebro metllods 10 esti",al. Ih.
eo<ffieients from the properties of the sel of .quali<>ns for Ih. wl>ole ne""'"",, adjusling the values 10
minimize Th. residu,l w;,h a leasl squa,,-,s method. The cocfficicnl ofon" type of energy WaS given Ihe
value I. .nd the malhell"'tieal solution g.neraled Ih. orh., eoeffident ,·.Iues. ratlcrscm's melhod of
energy sySlem, analy'is 'Pr<"'" 10 be an imporuml w.y of eslimoting e....rgyand lmnsfomrily. Thi'
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Chaplu n, C"k"lalillg Ttrms!"rmiliu wilk 'Ill E,ge""""'lor Method

J>Ilper provides an eigenv,lue mothod ,nd a convenient com pater program to [acihtatclhe.., calculations
with st,n<lartl ""ftw"",.

As Panerson has explained, re.J ener&.'! transf"""atlon networks evaluated for SluJy may not be
in steady stale, They may be incomplete io repre..,nting main energy flows, They may 001 be aggregated
so thllt e..h outpulcame, all thc lnpu! croergy. The cakulation' coo 'till be made, ,nd the ""ult. used to
describe the energy ne1\O'o<1<, but the coefficients obtained in the.. c..., will have addilional error in
rcpre...,ling tmosformilY lhllt i. defmed a, the necessary emergy requIred to ",Iatc energyon one seale to
thllt on .anthor.

En":rIlV Equations and Delinitinns

Figure I illustratc. definitions with one energy Imn,li>nn.l;on, Coal exellQ' is convenod by a
lran.f"""ation to electrical e,erg)' Eroergy i' define<! as Ihe ,vailable energy of ooe kind previously
used up in a tnm,tonrul1ion to make" useful energy tlow of. dlfTerent kind. Therefore. cool cm~-rgy in
coal emjoule. required to genelll'" one joole ofelectrical cnergy is called the co.,1 trans/Ormity [( i. Ihe
quotlent ofone type ofemergy flow divided by the energy flow ofanOlbcr kind. The example in Figure
I w,..implificd 10 contain only one input and one output J'sare Ctl0'llY 110w•. and'" 'IT tmn,formilie.
of Type I <nagy.

Two 01 E'-9Y
~

"
, , • , '

" ~ 0 " "
~ ~ " " "
" "' ~ " "
" " " • ~

Type Ol E_gy
~

" , , • ,,
" " 0 " .,
= 0 " " "
'00 , "" " "
" " " "'
T",n.lorrtllty VeCtor;

"

~·k]
0
0

"" '"

,

xl'SOO. x2'S
'l'tOO + >2"5 ~ ><:1'10
x:J'10. ""'1 • ,5'2

(01 EmorllY Aow .",,! ••,!
,1'J1 ..Clr--"CC"~"-""-'lCJJ~"""~"-.'

E"",,1Il' Sol"""" EQua_.
'1"Jl _ ,Z'JZ

,1'JI +xTJ2 • Kl'J3

x:J'J;) • ,4'J4 • ,5"J5

Ib) Examplo "'*9l' low. jool.. per t,m.

Fi!l~r~1. EMIID'j1c#", eI>""l[Yj1a><~,<md''''''!IY rr"",jcrmof'''' equati""jif a''''iesa/IV>'O '''''IX!' """,jormat;"'"
(a! t;nergyflow, (J.): fb! ",,,,,,,,,,,,,1nom"I,: (e) em'!YIfYj10..~0"" ,quatl"",; 'abularjonnjo"''-p'•.s,"ling~""X)'
jlow, i. a """";" u,"'J by """"",r'-"'" p"'gmml 10 ""lru/M~Iro",j"""iI,'" (x.)
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In • ,<001 ""ergy sy.tems netW()rk. lhere aIT usually IW() <or m<>re ;np~ls 10 ~ach lran,forman,m
(Figur~ 2), In "oy energy tranSf""""I;OO, such as lh"'" in Figure 2a. the "".,lable enet¥Y uS«J anJ lhe
energy oulput from ~""h tran,fonnaliOll <an be ~xpressc.,j ln the ..me emorgy unit< equaT 10 lhe energy
flow (r<) multipli«! by one kinJ of tmn<fom,ily (x ·s). Palhway. ofexergy Jis"pa.lion have zero emergy
flow and are omined. If the lowe't lransfonnity energy is solar, Ihe unil' are wJar em.i<>ule', Figure 2c
ha' e<JIl:llioo, with an expression for the solar en,ergy flow ac<<>rq>anying each energy fl()w, The r. are
the lI()w. of~nergy resulling from thc previous Irdn.fom~,rions. The x's are the sobr transformilies,

There arc as many suclt ~m~cgy ~qualion. in an energy nelw",. a. there are energy
trnnsfonn.ri,m•. Iftbe lOrm. of each e<Joation in Figure 2 are galher<o<l 011 OOe 'ide of lhe equals sign, the
outpul flows (00 the right) become oegativc terms;

0'
x3·J3 + x4·./4 _xS·JS - 0

The equalioo, can aloo be .ho",n in • laDllI.r form with the tran.fonnilies (x 's) ""ross lhe lop
(Figure 2), Energy flow clal:l in this fonn are expressed in matrix form ..

MXRO

where M is lhe malri, of energy flow and x is the ""'IM oflrnn,f()rmilies,

(2)

Drnwing tl>e di.grams .nd placing Ihe energy now values 00 lhe pathways is a way of making
sure energy flows fil the following energy la....... (I) The energy oulflows al sleady .\ale equal lhe inflows.
(2) A"ailable energy flo...... de<:rease in passing through a tran,formation. (3) lithe diagrnm is drn.....n wilh
loc Tefl_right convention, the highesl tnm,fonnily with the ,maTlesl energy flow, elllers fr<:>In lhe rig.hl as
a coo"ollo lhe lramfom'ation. The lowest transfonnlly willt the mo.t energy inflow' from the left. The
lransformed output is inlennediate in available energy conlcnl and ttan,formity.

EIGENVALUE-EIGENVECTOR METHOO f<"OR CALCULATING

Enterg)-' and Transformlt~·

In]>apeTI< <l:lning in 1983. Paneroon (1983. J9&4. 1993) worked lhe w~b eVaht3ling procedure
btlckwatJs. derivini lhe transfomtilies from the set of equation., whem only 'he energy 110w, (J'.) were
available. One type ofencrgy wa. g~'en a ttan.lOnnily nf I (for elemidly in some examplos), He uS«J
a leasl squares method 10 fin<! the lrnn'fonnilies thai solve equat;oo 2 with the leasl error, The following
i. the new pro<:edure using eigenvaluo<igcnvector,

In 'he matrix equatioo: Mx -0. M is an m x n malrix ofm processes anJ n inl;l'e<lielll inputs and
","lpuIS. Mnlrix M has the energy 1101'" arranged in eol~mns according to energy lype as", Figure. 2-4.
l1Ie wet<or xis lite a rohltl1J1 vec1(1f ofco< md""IS (trans f<rmil les) for lhese type< nfenerg.,'. An eigen'''<;loc
h,. lhe same IT<ull as the matrix when the eigenvectof i. m~ltlpliedby a set of numbers lhal are lhell
called eigenvalue. (Appendix), The malrix prod~Clof Mx i, setequallo Lx where the L i.!he matri.< of
eigenvalue, foe an cigem'ec1or x made up of the lransfom,lli...

Mx~Lx

By fillding an eigen"ector wh"h has almost zero ~igen\'alue.,. lhe matrix equatioo approach"":

(.)

-268-



Chapter n. Calclliar,ng TFallSjoFmities ",ith an F.ige"",xl<>F Me/I",d

wher< the value.' of the "eolOr , i. the ""I of transformilie" In other word•. 'he proeedurc .olves tho
eqllJ'ion. Whale"er .mall valacs Ihere are lOr ,he minimam eigenvalues l of !hat veet<>.- a", the re.idue.
The re.idue exi.I' be<:aase the «lual'OIIs and daL' a", <>Of ~rf«,. For analyses of real .ystcms whe..., d"~,
and equations are not ~rfeCl ""presenlJl;On, of the realtnn,formalions, the .-cSKlU1lI (error) oan Dc
represented with the ,'eClor c U\ equation (S)

Mx+e-O

The Appendix from Collin, (I <>98) explain. Ihe Imll,elmrie> further.

EVALUATING TRANSFORl\lITIES WITH MATHEI\IATICA

,;,

The program for the oomrnet<;',1 software p.ogram MATHEMATICA i, induded (Table I) so
onyone oan rapidly cvalaOie emorgy and trm,.formiti« from dala of networl; energy flow. with the
following proeedure;
I Load the program )l.tATHEMATICA. To see if e,'erythiOj; i. ready, type in 2+2 and pres. the SHIFT

Key and ENTER, If things are "'orl;ing OK. the prog.rnm oaloalate. and place. the .n'''·... 4 on the
",reen.

2, Eitherrype In tho program In Table I or paste it 10 the MATHEMA:rICA sc""'" via 'he clipboard. from
a .tored file (available from the author,),

), Type;n!he emcrlY equation. like the ones .. equOlion #1 obo"•. At the lOf'ofthc blank scn."On wnto
the matrix of prooe....., one row for .ach .nergy trim,formation eqU<ltion. In each equation one or
mort ingredient input lenns of the proee.. are w";tten with a plu, "sa and one oUlput 'erm wi,h.
minas Sign. The Ii ...t numbe. require,.O 10 be ineladed. The folloWing is an ex"""le which .how.
the asc of panetu.ti"" without 'raoo' for the ,,",0 row. f,,'e Oolamn data matrix ;n Figure 2:

m-l {100.0. S.-IO,Om,
10.0.10,1..2H; 'OJ

4. I.....s the SHIFT KEY and ENTER. The software folio"'.. Ihc instructions ,n tile progmm (Table 1)
and print' out the tr:on,formity vce10r x. The iteIIl!l of ,h. malrix ofenergy dala arc in the sattIC order 3'
the colu",n head;nl' (kinds of enelJlY~ The program di"'de. through by the .m,lle" transfonni,y and
rounds to got whole nambers.

Table I. Program 10 enter Into "-iATHB.-1ATICA in orde. 'Q caleul>!e mon,formitl« from ....orgy
«luation,

m _I
MotrixForm[m]
a _ T"'n'l'O'O[m) ,m;

p ~ Eigea"edors(a]:
CtT - m.Traru;pose[p]:
MotrixF'>rm["tTl:
MatrixFormrrmru;pose[pll;
Eigen"alac,!aJ:
a - M in[Absrr.kefEigen'·ec"""[aj. -1m;
t ~ (Jln) Ta~e[Eigcm""lOrs(aJ,.1);
"btrixForm [1'",n,pme[,1J

m - matrix of ener&Y fiow, from the emcrgy "q",~ions,



Chapter 22. c"lc"iating Ti'a....!ormities ..'irh a" Eig,·,,'"CCtor M~lhod

5. Sa,'c the ~.<ult a, a tile andor print out thc S<:=n "'''h the PRINT item in the FILE men". Label the
tran<formirit-s wnh the name of the rnc.-gy type.

Table 2 i. an example oftl>c ~SYItOfntMing lhe program with the matrix for the .imple example
in Figu"" J SC1 up to be in steadp"te with cmergy in e<jual emcrgy oul. The matrix tllat was cnten;d was
p<inted OUt <0 you c'n ehcc~ it. At the botlom the trlm,formi!ic. for the three kinds of energy we~

printed as a eolultUt vector: I, lOoo, and 100. For this .imple case each "M,f<XTT1ity can be checked by
di"iding input em::rgy by (><ltput energ)'

Explanation of the Program

Eacn line in the program(Table J) i•• ",cp in thee.leu13b""•. Where the li...,end in a &em;';ol"",
the result of tne c.lcul1J.tion i. "'" printed out. RcnlOve the semicolon from any line which you want to
print. M wrill"" in Table I, only the input rnatnx, minimum eigen"due., of the eigen\-eclOr indicating
<esKJuc. 3nd !he t",".formity ,-..- are printed.

The P"'V<'m ftrsl iM""'lS the software to find the " ..trix a _ MT M whcre MT i. the transpose
ofM

Next it find!; the cigen,-,Iue. and 'orTeSpoot<ling eigenv""t"",, of the matrix •. In lV1ATHEMATICA
the eigcn.-cetors "'" dte column. of the tran.pose of the matrix p meigcnvec1OfS[a).

The prognom lind. the ~.idual (error, matrix etT - M 'Transposr{p] (in I>IATHEI>IATlCA) A
gj,..n column represents Il>c error of each pro<= (row of M) accortIing to the given .olunut "aluatiOfL
The most efficient pro<....,. are those with the most negative rrror, S<lpposing lhe componcnts of the
COtT<'>ponding eigenveclor .... all posit,,'e. More explanati"" is gi,..n in Appendix A.

Table 2. Output ofMATHEMATICAevalualing the thtee tran.f<><marion .y..cm in Figure J

m.(nOO.O,l,_lll,
(100,2, -21),
(100,0, -I)),

Mold,'..... l_l
,."••80_.1_1._1
P .Ug.Q....,t..... I.)'
ur ••.,.r...._.t'll

Mohh''''''l.rr),
....ld"' I~.u._.I')J1
lig h •• l.)
~ • >u"lloloa (".k.IUg..."""",,,,(.). -1111,
t. (1/.1".hlllg.Q~acl""'['l,-I),
Mold"'..... j,.••Q._. Ill)

('''' , _"1tOO I _<1
100 0 _I

[,:,-,.j100.
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(Il EnIIgy lew JOI*s per_

/ """'.,,..,
, ,

""""'"'00 , , ,
" """'. ,,. ,

""""'. '00 "
,,..,

'''' , ,,. , ",,. , ,,. , .,
"-

210 u-l"-v'!'. no_~

lbl Ernef9Y Row.

T,,,,,_... x1 ~.~
Eneo;jyg,,,,,,

"-- ., --,.~ ,.~

:100'x1
,,'><3

EnOtV)'<>1 'OO·~, ll'x3

'''' ,., ,OO'x, ,.~

--

100'". , .... _11'<3 _0

loo'x, .2·X2-21·><3_0

100-,1 .0

By SeIUlllIl3 _ 1

II .O.QI
,2 _ 10

It X3 IS 100. tIwI
Xl-I
lQ.lOOO

FIp.. J,. ..... <OWOI)'_ ...... ~<OWOI)'. f; __ia--W_ "'~JI--

p"-..-:(/>I-U I 0 ..'_........

A' Iht ODd tht prognm d..'Ideo ,he e11~I"UUlr(,.-,111 .... rI1JlIImgg "'lCTl,..luul by the smaI...
~;,,-hleb....,.,..,~unity and the RSl be<xIm!:' ... ......, nwnbets IlnmfonnMIfl ,. C!J\IO"les of !he
Iov.'eot ~nerzy I)Jle ",!he voup). Thus. lhe roul ,-enor IS ....pres.<N UI IransbmM"'" gf ,he Iov.'es!

quality I)Jle of cncrxY- n.c....,., be _,"(01<'<1,nlO iOIar trzt>.onm'.... ,n ......, ~rt1JOUlt$JOUle by
mu"'rl~-inillhem eadI by .... solar IrlIn.fom1tly "f!he ""'..... enet'IY Iype XI !he croup.
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EVALUATION EXAMPLES

Evaluating Transformations with Energy Flows Ihal Branch

Whcrras tl>t S)'$I~",S In Fig~ra 2 and 3 had one OUlp~tofe:>ch trnnsformation w·ithout br.mching.
nIOSl "ct'....OO« ha\'~ energy fI"ws thaI bnH>eh. In aggregating the real w<trld detail in an energy sys~ms

diagrnm. twO ~in<b of branches may be anangw. In the matrix I separate line is re<Juired for ellCh
~.

A co-product branch tIa, tWO ourpur, of differenl .nerg)' type and tranSfOflnily based "" the
'""'" input""'""iY. Figure ~ has an enmple wilh tWO inpul.ncrgy now•. For Ihc t..",mrmation co
prodtIClS for""e tine "flhe matrix, ~I\re, inpUt! of 100 alld 10 and an 00lput of -SO. For rho Olher Ii"".
emer the .am. input! \{l(land I() and a dilfertnl OUlput -200. For thi..imple example, you Can d....,1: Ih.
oulputtran,forntiti.s by di"iding ....h oUIpU! energy ino the lOlal input sola, e"""gy .. 2000 sej (Figu",
'oj.

A.uiliJ divide,"n .nergy now of OIle kind into IwO flows. bOlh of th...me .nergy type and
lransfonnity. The ern"'1lY is di,-ided in th~ same proportion. A lillie rnergydispcr.<e'S illll1~ p<OCeM. For
ex.,nple, in Figure S. Ihe inpulS 10 the organicS arc 2.8 ,lid S7 with -40 lhe pr<>duel. TI\c enc'llY of
organic. splits 4(1 i1l10 flow. "f IS "nd 25. All three h,ve the "m~ tran,fonruty .,Id can be entered in the
,"me roIunUl. One branch oflhe ,pht IoaSlhe inpu' 15 and output _I 3.S; the ",h., branch bas inpu' 25 and
OUtput _24.2.

Tr.natormily: ~3 .. 2000/~0 .. 40 ."j1J

"
L_-,-:;;~J-",,'__Tra".tofmlty, ~4 .. 2000/200 _ 10 .ejlJ

760 200Energy/tim"

(a) Block wl'h Co-produc,s. Outpu'. with Olffere'" Tra".'ormlli".
En.rgy Flows "t $'."dy Stat"

-"''----;"i==tJ1000

.01",
ene'gy
~1 .. 1 1000 ~1

(bl Emefgy Equation. tor Eig""veetor Program. on" output each:
~1-'00 _ ~2'10

~l·!OOO +~2·'0 .. ~3·50

~1·1000 + ~2·'0 .. ~4·200

(e) P,ogram Matrl~, En"rgy Flows AHangect by Transtormlty :
".2~3~4

II 1000.·1 o. 0.01.
110OO.! 0.-50. OJ.
11OOO. 1O.O.2(0)}:

(d) Program Outpu'. Tran,,'ormlty V"c'or
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[''aluallol aD Ecos)"~em in Sil.·u Springs. Florida

An e'o-.l...non of...~ oysImI IS~ ,,"x' fur Sil....".Spm>p. flon<Ia fO<bn. 1\155).
us>ng 1M n>el'IY l)'SIems diajnm (Odwn. I\IU). In flil'''' 5 tI>e CCOIystem ...... ~urrPted inl<> ~ lena
chain....-to,ch .11...... nnll'lalion ornDelllY ond or,ansfonnities by """""'ion (cIIvid"'l tI>e inpul~ by
!he ootput enCfJY.I each 11'1'). In ,hi. procedu", eloKd """"'" are elimInated "'1'1«. the,r nl1 .fNOt on
",oady .ta,. emCfJY" zcm (Odum. 19%, Chapl.r 6). The: emCJgy equalion. r"'lhe KJl"r.ole 01Ie0&Y
lnnsfonnalion. for Sil"... Spring, arc lisled a.Tabl. 3. and 'he OUlpu' of MATI-IF.MATlCA program in
Table 4 and Table 5, Th. lowe" quality enolllY I. IOI"r ",sol'lion. aive" Ihe ...al". I. Otld 'ho ,·.lues an:
",p",,,,nled in "nill of solar 'ransformi!)' (iley]).

Tablo 3. En""'I)' eqP:llIOnl b 1M Silv.... Spnnp <nefJY 'l">«m 'n fii\lrc 5

...,
d..
"••.,...,

-""",
"""""""'"l ..... _pGdIS

Groo _'")ud_~'No_
Clrpm<:s 10 d.TI....
OrpnICS 10 berb>-.ns
H~>~10 c.n""OI"U

C....."...-es 10 lOp canuV.
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2J1OOO"d
4658'd
8':<2'" 1124·:<3
U·1l1 "57·x4
IS'IS
25·,<5
2-1.2',,7
1·18
O.036·I9

- 10.8':<2
- 1124'xj
- 57·x4
--to'IS
.. 13.8·,,(;

24.2·x7
.. I·...s
-O.036·I9
·O.OO36·x10



Ch"plN 11. Cakll'I!Iil'lf TYllIIsjormilies with an ngenvoctor Method

Tobl.4. Output ofMXfHEMATlCA evaluating tne tmnsfonnities of Silver Spring' en"l:Y nows in
FiguK S

Oo','!//~.'rixrOI..
>In., _10, • 0 0 0 0 0 0 0 0.... 0 _,,>I 0 0 0 0 0 0 0

0 • u .. ~" 0 0 0 0 0 0
0 ,. 0 " _.0. 0 0 0 0 0
0 0 0 0 " _lJ •• 0 0 0 0
0 0 0 0 " 0 _l'.' 0 0 0
0 0 0 0 0 0 2<.' ~, 0 0
0 0 0 0 0 0 0 , _O.OJ< 0
0 0 0 0 • 0 0 0 O. ,>6 _'.00J<

00',.,. {•. ll.... !O". "''''''10'. ,,0>.", "".",
.... ,os, l<'. "'. ".0"', o. """, o. oouO"'. ,. I"" • 10'" I

0... , J' 1/....""xJ'~_
,~,>t., ...,.."

"".0'
<Joo ..." ..,

6"'.20
""'0.,.".",'

'."'.10'

The energy types In the Input matrix headings are the following: xl
solar energy, xZ _ kinetic energy of water. ,,3 _ solar energy 10 planl.'i.,,4_
gross phOt01oynthcsis,,,5 - net productlon.,.;6. organtcs to delrl\us, ')(7_
energy to herblvores.,.;8. energy to carnlvores,,.;9. energy to top
carnivores. dO _ OUlpul.'i from top carnivores.

Table 5. Comparison of lran,lDrmitie. for Silver Springs. Figure S

,,
".,.,
".0.,,.
• 0
,10

EnergyTyl'"

Solar energy
Kinelic energy
Light imo plams
Gm.. photo,ymhcsis
Net production
Organics to <Jellirus
Organics to horbivore>
Horbiv<xes 10 eami"ores
Carnivores to top camiv.
Top carnivores

Pathway Rati".-

,
2.2 £4

"3.3 E3
6.3 E3
6,9 E3
6.5 E3
1.57 E5
4.4 E6
4.4 E7

Ma,hematic.#

,
13 E4,.,
4.4 E3
6,3103
6.6 E3
6,6 E3
l.S8 E5
4.4 E6
4.4 £7

- Quotients from Figure S
# Eige~voctor from Table 4
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Chapter 22 Cakllioting Trons!ormilie... "'ilk an Eigemn:lor Method

l"ble ~, Emergy "'luations using data from Tenncbaum (1988) for energy transformation pro<c"",:s
oflhe louisiana coastal system in Figure 4 des<nbed by B3hr et al. (1982)

Input Energy Flow,
E12 kcall~T

xl'U29.503
xl·628,OS8
x2'369
x3·134
x~'2S +xS'94 "'x7'9Al

+0<8'0.570 -.-X9'O.159
-+-xlO'O,29

xo'124
x7'6,S4
x7'O, 16S +x8·0.525
x8'O,279 -+- x9'O,221

Proco",

Sol3r wetland usc 10 wetland prodllCtion
Solar aqmdic uSC 10 aquatic prod""lian
Wetland prod, ta "-etland ncl prod.
Aqll.lic prod. 10 .qll.~ net prod.

Net prod""lian and consumer w",lc to partic. org.
P.rt;culato organic, '0 <Jerri,"S. woplank, meSOlOO
Detriws cle. lO cons~mcrs

Dctrllus .00 ConsllnJ<n 10 mid caus~mer,

Cansumcrs and mid consum.,., la ~pp.-r<X>ru;umers

OutpUl Flow
EI2 kcaVyr

x2'309
x3'13~

x4'198
xS'94

x6'124
x7'16.18
xS'I.43
x9'O.42
xlO'O.31

E"alualiug a Louisiana Estuarine S}'slelll

Tennenbaum (1988) usN a patl1way tracking mclhod for calculating tn""farmitic' in an eslUa
rin< ecosysttm cnelJlY netwoo published by Bahr. D.y. and Slane (1982). Figure 6 is Ihe energy syslems
diag,mm with ""ergy naw, on lhe pathways. The emergy «l""tioos for the sepa,"lc energy transf<>nna_
tions are iiSled as Table 6, and tr:msformily vector from tile MATHEMATICA run in Table 7. The no'·
",-orl diagrum ha, many <plit'_ some indicated by inlcr_uni' pathway, that hr.mch, and o,he" indinte<l by
small squares, The lawest quaijty enerllY is solar insolation given the "aluc I, so th:ltlhe other values a",
repres.-nted in units afso,,", lransformily (sej!JJ.

Tubl~ 7, Comparison aftrattsformities of the Louisiana 003,,,,1 ecosy,tem cakulalcd with threc

methods.

Solar energy utili.ed
Gros, print3t)' production
Net primary production
SU'l"'ndcd organic mattcr
D<:trilUs, microbiala, meiafauna
lower "oosumers
Mid constuners
Uppor Con''UITlOr>;

,
4,7 £3
8,1 E3
1.8 FA

1,36 E5
1.46 E6
4.0E6
5.2 £6

Hohstic
Inspection b

,
4.7 E3
9.3 1'3
1,8 E4

1.40 E5
JAI E6
5.61'6
8,01'6

EigenvOXlOf"

,
4.7 E3
6.7 E3
9.0E4

6.63 E5
3.04 E6
4.1 Eo
S.6E6

a Palhway lmel< 'ummin8 by Tennc!>aum (1988). Explanation given by Odum (1996, page 99~

b Inspectioo from values on energy systems diagram which are agg.-..gated Wilh few brnnches.
c Resul" afMAfHEMAllCA progrom (Table I) with dal:> from '[able 6.
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CO;\IPARISON OFTRAi\'SFORMITIES WITH DIFFERENT i\IETIIOOS

In hIS popns. Pmcoon uoes.he '(m\~"""li"ftt"i.-ak_1OrIhc nov.,oflhc~~
qualIty and '1u<ui/!>' NWf!U'~D for .... , ...IIOn per ...' cn<rD' In 1m he queooon:d ..heIhn d>ese~

Itac $Om(: ctA_iAS IS mICI'J)' and In"d"n....y. ""'" t=llb ftooI. ........1< ..."""'_ of 1M mcrm' d ....11
~ of lbo Sih..". Spnqs Loul!o_ daD~ SIIIlilar 10 lIlooe"'~ ..>th Ihc ....-.:flY
..-... medood(f3ble S). InTable 7 f'OfOllu;ordlu"""'P"·_~~ .. ,m lhoIcofT........um
"""C ...... .,....,. dkdlOds.

....e Moo ' ...a....lI<d a .....hflfd"'"CY __ ofN..... «abnd (Paa....... (1993) ..i1ocl1 boe
<ktl:nbo:d: ~Aldooup dlis is. h)-potIM:toal oyuem. ... ,,,,,,..cno<-. ,lkJnoc,.. Me ,miIar '0 lhoIc """
IIaIWIy OC'CW III tbe N<-w Zealand rnnty fYSI"""~ He on~ .......er as I ..... e-..llWlOd .... Iooo>w
....1i1y <IOCfD' I}-pn. lion... his .u.e. ..~ all muhipbed by 1.7 f.S __ nJ!Il"Il" peo-,,,,lie~~.
prn"lOOll!yestohh5h«llObrlan>Qmny lOr~ny(Odum. 1996). ....other bnds ofmcJD'had IObr
•..-bmny,~ of>intibr ....""tllde CUI ..tar envoules.:;ouJ<"

Elcotnc Pow", (set <:qtW)

011 PIU<!u<IS

Deliv"",dG..

SUMMARY

7.3 E4 Pipeline

l.7ES

6.6 E4

4.8 E4

Eivnnlue-eiKcnvMor compulrAlionl """,ide a way 10 <akula,. tran,1Um'~'" from ,ft"ItrI)'

1101_< equ:>lions. e'''en ..ben <!all ooly ItlCIudc • few of,he many~ lr.m.fOr'nl:ll,on pnxcs.«:< in •
Dtlwori<. The "no- proc<douq in this P"P" tacihl3t<c MUlr.llY Pam.-.', melhod ofcompulinll~
qual"y ~blionslll'" rrom oeIS of eIIC1'JD' '",nslOnnalion relalioosJlJ.p"- We find th:o. P.n~', ,.......:
~quabl)l «t"J,..IenIIUllI- and Kq=bry cocf6cOCll~rq>rtSCrIIlh< oan>I' ~nlnof ~1lCfJY roclW<l<b as
ernetDand Inmbmll): I. isll<ll tnIC ,h3. mlCfZYe-...lu>rioIts;m,OIlIy fecd-ilN"lItdcakubl ....... EmefJY
e-"3lu:ll1ORl1)pically iftdude fr<m hlpe. quailly (lar&ersak)as "",II as from !ownquall'y(smalltt
"""k~ Tlus paper pro.i<naddit 1.....yo for cdcubna& n-sfon",''Y and a roII~mltn' P'0II.1Il'" a.od
11'1'1,"""," ,.iIiI u>oI.,.... ''''1 """''''''. llw< p'OII ..n In "'IS paper man " easy 10 "",,-en an merzy
.)-mn. <Jia&am !hal has caeIJ)' , ..lues .. ~. pollt>n)'S _ .....of_lOnn"," ... f...... """~

ACK.'\lO\\'LEDGl\lE:.NT

.....e ..,cr-ful lOr tbe <00.'.......... ml>C<ll ~_. by Munay hncnon ..... Bnan D. FadL
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Chapler]). Calculmmg Tran.1/Ormities ....ilh"~ Eig~"''f!'C'''r M,,'h<>d

APPENDIX

A Non·trivi:lJ le"'" Squ.,= 5oIut;o" ofa H~en<ousSy'",,,,
and Prooforlbe Eigenvalue-Eigelwe<:tor mnhod

Dennis Collins

0.'co'jew MJllt m<:tbpd: Surne sy<lems anal)'5" b.a,.. ,""i"ed S}-sICfllsof homogeneous equ:ll ion.
in whkh the numberorprocesscscOlTC'poods 10the numberm ofequations, and the numbcrorconunodilies
cOITesJl'>"'l' to lhe number n of ''lui.hies. The lust ~.rcsapproximation ofan m x n <y.lem ofMx - 0
of OOm<>&eneous equati""" SUbje<:tlO the constraint x x - I is obI.inOO lhrougll !W>Jving 1I1e eigenvalue
equati"" MT ~h _ l.:<. Attonling to the eigen,·alue..,rm.- f(>lm"la. the cm>r of ",Ic<:ting • given unil
eiaen,'ector as a soIUlion to gwaI '0 1be eigc1w.l... c"",,sponding 10 the ai"en cill,-""Vc<:kIr. $0 tMtthe
minimum orror can be found by laking lhe eigen"cc>o< corre,ponding 10 minlmwn e;genval"". The leasl
squares method rclie"es1l>o "naly" of the need 10 match nl wnh n.

First oo",idc, th3t 1I1e squared 2·uonn error due 10 $CkCling a !liven "cotor x .s the IIOI"'ion of
Mx _ 0 isxT M T Mx, Tflhi. quantily is minimizoJ wilh Ihe con,tralm xT x _ I 8«onJing to the method
of Lagmnge muhipliers, it i, n..,...",ry 10 IIOI"e the oonnal equations qU(lXi _ 0 fo.- i _ 1.2,..-" where

l- x' MT ~h _ A(x TX_ I) is the Lagrangi:ln function. rogethcrwith the unit """lOT conStraint.

CaUing 1I1e .ymlncmc matrix ~r M - A. the above equations reduce 10

"

j-I
for i _ 1.2•... -" or the .igen,·aJ... equation Ax - M loge1hcr with the unil ,'<eD' conSIr.<int. A~in8 to
"EI""""'lIIry Lin...Algd'.... (Prindle Weber Sclllnidl. J986) p. 332 by W. Kei1l1 Ni.cholson. the ,yrnmttti~

matrix A hal an onbononnal SCI ofeigenvectoo.
NextsU~A has twoeigen"alue.),J and U with),J <; U. let XI and x2 be con-esponding

cigcn''C<:1Of1, IJOIlD3lized 10 I. Th",

II MXJ 11 2 - xlT MT MXI - XI TAxI - XI T Al xJ - AI ",),2 - ~2T),2 x2

- x? AX2 - II MX2112.

Slated OIh.....·;se (1be eigenvaluc:-error f(>lmula). lhc squared error doclO tl>e firsteigen,'ector x I
is equal 10 Ihe eigenvalue H and Ie.. than the sq"""--d error due 10 1be <ccond eigen'-.cto< ~2. Since the
nonn is aJways grcaterthJn or equ.J 10 O. tho abo"e resul1 .Iso shows Ihat1be ),'s (dotinOO from A _ MT
M) arc groaterlMn or equal 10 O.

Finally. tho leasl sq\IMCS rcsiduc: (error) is obIained by raking at, .igenveclOT x wilh lhe le..t
eig.n,·al"" (necessarily. great", t,,"" or equal 10 0), The I"'P'" "Wori<ing "'ilh ProjC<:OH Spa<:e.~ by lhe
.uthor( I998) e~plain,how 10 ..Ieel a ""iq... elgen,-.ctor if the 0;5"",pace .00000pooding to lhe minimum
eigen,·.Juc: has dimension ~.t.. t,,"n one,

In lhe above equations, il is i"lpor1am to reallzo thal m m.y be much largOT' than n. so tltalthe
sy'tem Mx ~ 0 may havo "" ""n·tri"iale~actSOlution. Also, Ihe sol"ion docs "'" rlepend on ""Iection of
• "numerdi,..:· but m.y reflect "quanWtn loaming" if." eigc,,"ector is selected ,,'hose ollle""al,,e is nol
mtnimum. In tenn, of learning theory. the search for x may be considered to be a search for a vee,or ,hat
is nearcSl to being orthogonal to aU 1110 previous row. of M.

If the row, of M are normalized first....y p - D:-l "'hm: D " a diagonal matrix whose Ith
dlagonaJ entry i. lIdi where oJ; isthc noml <:>flhe nh rowofM. lhen lhe ...... analysisas abo,·oOOIds for
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the new mam~ p (in ,"" 'cnni",,1ogy ofll,. author', 1991ll"'per-An approximate Le~ S<j~s M....1>od
in a P",j",,'iH-type $1""'0:' p. S). "1'''''''g11 ,1>0 e;gen'=OflI QfpT p may be a (anJ U1 gene",,1 will be)
diff....'" from ll1e dgcn"ttlOrs of MT M I'self. TIm•. tile above .""ly'" $how••""t the wg least_
~ua=.1TO< (on the unit .phe... j can be obt.tne<l by finding the minimum eigenvalue .tId cigenveclor of, ,

Altboo~ the au~1Or ""••,i11 roond 110 reference to the above fact•. many 011><.,. may have
diseo"cre<! them ill o'h.... ~ings.

The ""xl 'w" page> work ou' tl>< exact ""Iuri"" <>f 'he P""orson ._<ampk (ef. -An Approximate
Lta.<l Square. Method III a Projecri"c-tyl'" SpllCe-~ TIl<: .'actlo",t square. error (squared) is f<>llllll to be
0.029 ,,,,,,us (I.(l.I5 (Of Pall=o<>n", mC1hod (based ,., "',,malt,,<1 an'",""), !>owe"., 1',<1,,,,,,,,', ,uull i•

•till eonsotkrobly bener than ri,e squared error (0.815) of the nex'-lo-le35{ eigenvector. and some !"Itt of
the .,..... e!TO< may be doc lo round-off.

Again ;t mu't be "",,,.iooed that there i. a "Ilow to ptoblc tfyou mUOlM

....<peel aboutgclllng the
exacc minimum residue (error) for thc 'yOle,n Mx • O. s,,,,,e it seems """'" ""'IM""'lieal,o _Ii>.<: the
«Iuauons (,.c, thc rows orM) first.oo wod on 'he uni, .plJ..... a. was done in a p<eVious papcr ("An
.pproximate Le"'l Square. Method in a Proloch,'e.type sp,,",c." 1998). Howc"cr. lhe abovc res,,11< show
the a1'1'roxim,ooo mClhod of tha' paper give. exact •••,,-en fo.- tile mw_"""""Ii.cd easc, Further. lhe
normallU1tion eonslant (actually lhe rcciprocal) could be eo...idrreJ as a wcight factor w; for the I·th
«Illation. IS ;. sometimes doI>e in IClSt square. 'heory, tllereby bring.iog the Mx • 0 case under 'he
wcighl_functlon umbrella.
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